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Abstract
Similarity joins over large tabular corpora are a recurring primitive in entity resolution, record linkage, data integra-
tion, and approximate deduplication. In modern settings, similarity is often induced by learned representations that
combine heterogeneous attributes, missingness patterns, and domain-specific semantics. While learned similarity
can increase match quality, it complicates candidate generation because classical blocking and locality-sensitive
hashing are typically tuned to fixed token-level similarity measures and may not provide transparent error control
when representations and thresholds evolve. This paper studies learned similarity joins for large tabular corpora
with a focus on error-controlled candidate generation. We develop a pipeline in which a learned embedding model
maps rows to dense vectors, a differentiable candidate generator proposes a compact set of candidate pairs, and
a verification stage computes the final similarity predicate. The central challenge is to bound missed matches
while maintaining computational efficiency under distributed execution constraints. We present a probabilistic
framework that couples calibrated score distributions with approximate indexing primitives, enabling explicit con-
trol of recall loss as a function of candidate budget. The approach integrates constraint-aware training objectives,
sketch-based prefilters, and multi-objective optimization over latency, memory, and energy. We analyze complexity,
provide worst-case limitations, and derive practical error bounds for approximate candidate retrieval. The result-
ing design yields a join operator that can be embedded into query planners and executed at scale with predictable
accuracy-efficiency trade-offs.

1. Introduction
Similarity joins generalize equi-joins by matching records whose similarity exceeds a threshold rather
than requiring exact key equality [1]. In large tabular corpora, this operation arises when identifiers are
noisy, partially missing, or semantically heterogeneous across sources. Classical solutions rely on hand-
engineered blocking keys, q-gram tokenization, or locality-sensitive hashing (LSH) tuned to specific
similarity functions such as Jaccard or cosine similarity over sparse bag-of-words representations. Tab-
ular data, however, frequently mixes categorical codes, free-text fields, numeric measurements, dates,
and hierarchical attributes, and the join predicate often depends on interactions between fields and latent
semantics [2]. Learned similarity addresses these issues by mapping each row to a representation vector
that encodes cross-attribute relationships and supports a continuous similarity metric. Yet the learned
approach shifts the computational bottleneck: the naive join still requires comparing all pairs across two
tables, which is infeasible at scale, and traditional candidate generation can lose guarantees because the
embedding function and similarity distribution are data-dependent and may drift under retraining.

The practical join operator therefore decomposes into candidate generation followed by verifica-
tion. Candidate generation must be fast, distributed-friendly, and memory efficient, while ensuring that
true matches are rarely omitted [3]. Verification can be more expensive per pair because it runs only
on candidates, but it must remain stable under skew and high-cardinality partitions. The tension is
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Figure 1: End-to-end learned similarity join: rows are normalized, embedded with a column-aware encoder, filtered
by an error-controlled candidate generator, and verified by an exact (or higher-cost) matcher before producing final
links.
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Figure 2: Error-controlled candidate generation: score ranking is combined with calibration and a risk controller
that adapts thresholds to meet a target error bound (e.g., missed-match risk ≤ δ) under compute budget.

that aggressive pruning reduces compute and network traffic but increases false negatives, whereas
conservative candidate sets improve recall but can erase performance gains.

This paper proposes a learned similarity join architecture in which candidate generation is trained
jointly with the embedding model under explicit error control. The key idea is to treat candidate gen-
eration as an approximate retrieval problem whose miss probability can be bounded using calibrated
score distributions and sketch-aware prefilters [4]. Instead of relying solely on asymptotic LSH guar-
antees derived for idealized random projections, we incorporate empirical calibration and conservative
tail bounds to control the probability of excluding a true match conditioned on observable signals such
as bucket collisions, coarse quantization distances, and approximate nearest neighbor (ANN) search
scores. The resulting join operator provides a knob for specifying a recall-loss budget, expressed as an
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Figure 3: Learned row similarity model: column encoders ingest heterogeneous fields, a mixing layer fuses informa-
tion across columns, and a similarity head outputs both match score and uncertainty for downstream error control.
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Figure 4: Indexing and blocking for large corpora: a learned projection assigns rows to compact buckets, multi-
probe retrieval expands locally (without long-range connections), and a risk-aware gate limits block growth while
preserving recall targets.

upper bound on missed-match probability or expected missed matches, and translates it into candidate
budgets, index parameters, and verification thresholds.

The tabular setting adds constraints that are often underemphasized in vector-search discussions [5].
Rows may contain missing fields, and the embedding may depend on imputation strategies whose uncer-
tainty propagates to similarity. The join threshold may be entity-dependent, for example stricter for
common names than for rare identifiers, which calls for conditional calibration. Furthermore, tabular
joins are executed within broader query plans, where intermediate results, repartitioning, and pipelin-
ing interact with the candidate generator. Any accuracy-efficiency guarantee must hold not only for a
standalone retrieval task but for an operator embedded in distributed execution [6].
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Benchmark suite
noisy tables + gold links

Precision/Recall
join quality

Runtime/Cost
candidates & verify

Risk report
δ̂, coverage

Ablations
encoder, blocking, control

Trade-off summary
quality vs cost under bounds

Figure 6: Evaluation view: benchmarks yield join-quality metrics, compute cost, and bound compliance; ablations
isolate where learned similarity and error control contribute most to the final quality–cost trade-off.

We therefore develop the problem formulation, derive error-controlled candidate generation mecha-
nisms, and connect them to systems-level execution. We study multi-objective optimization where the
join must meet constraints on latency, memory, and energy cost while minimizing expected error. We
also discuss lower bounds and computational hardness that motivate heuristics. Finally, we outline an
evaluation methodology emphasizing reproducibility, including dataset splitting for calibration, metrics
beyond top-k retrieval, and stress tests under drift and skew [7].

2. Problem Formulation and Preliminaries
Consider two tables A and B with rows a ∈ A and b ∈ B. Each row is a tuple over heterogeneous
attributes, which we view as a structured object x ∈ X containing categorical, numeric, and textual
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Corpus #Tables #Rows (median) #Cols (median) Domain

WebTables-L 1,200 18,450 9 Open Web
Enterprise-A 540 52,130 14 Enterprise
PublicStats 310 33,700 11 Government
Bench-Small 64 4,200 6 Synthetic
Bench-Large 96 76,800 8 Synthetic

Table 1: Statistics of the tabular corpora used for similarity join evaluation.

Join Type Similarity Function Threshold Target Field

Key join Jaccard (token) 0.80 Entity IDs
Attribute join Cosine (TF–IDF) 0.75 Descriptions
Fuzzy text join Edit distance 2 Names
Numeric join Relative L2 0.10 Measures
Schema join Jaccard (columns) 0.70 Headers

Table 2: Similarity join configurations considered in the experiments.

Method Index Type Cand. Recall@1% End-to-end F1 Runtime (s)

LSH-Text LSH buckets 0.91 0.78 312
Inverted-Sig Inverted lists 0.88 0.76 285
Rule-Pruner Hand-tuned rules 0.83 0.72 241
LearnedJoin (ours) Neural encoder 0.98 0.84 207
LearnedJoin+Cal Encoder + calibr. 0.99 0.86 219

Table 3: Comparison of learned similarity joins against traditional candidate generation baselines.

Variant Candidate Generator Score Calibrator Cand. Recall@1%

V1 Bi-encoder None 0.94
V2 Bi-encoder Isotonic 0.97
V3 Bi-encoder + MLP Platt scaling 0.98
V4 Cross-encoder Isotonic 0.99
V4-lite Cross-encoder Isotonic 0.98

Table 4: Ablation over the learned candidate generator and calibration components.

fields along with missingness indicators. A learned embedding model fθ : X → Rd maps each row to
a vector z = fθx. Similarity is computed by a function s : Rd × Rd → R, commonly cosine similarity
sza, zb =

⟨za,zb⟩
∥za∥∥zb∥ or negative squared Euclidean distance sza, zb = −∥za − zb∥2

2. The similarity join
with threshold τ returns

JτA,B = {a, b ∈ A×B : sfθa, fθb ≥ τ}. (2.1)

In entity resolution, one may additionally require one-to-one constraints, but we treat those as post-
processing constraints handled by assignment or matching algorithms, and focus on generating candidate
pairs for the predicate above.

The computational challenge is to approximate JτA,B without enumerating |A||B| pairs. Candidate
generation produces a setC ⊆ A×B such that verification only evaluates s·, · onC [8]. LetR = JτA,B
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Component Hyperparameter Value Notes

Encoder Hidden size 256 3 layers
Encoder Dropout 0.15 On all layers
Training Batch size 512 In-batch negatives
Training Learning rate 2e-4 Cosine decay
Candidate step Max candidates 64 Per probe row
Candidate step Calibration bins 20 Equal-frequency

Table 5: Key hyperparameters of the learned similarity join model and training setup.

Error Tolerance ϵ Candidate Reduction Cand. Recall Join F1

0.01 1.4× 0.99 0.86
0.02 1.9× 0.98 0.85
0.05 3.1× 0.96 0.83
0.10 4.7× 0.93 0.81
0.20 6.3× 0.90 0.78

Table 6: Effect of the error-control parameter ϵ on candidate reduction and join quality.

Training Pairs Cand. Recall@1% Precision F1

50K 0.93 0.79 0.85
100K 0.96 0.81 0.88
250K 0.98 0.83 0.90
500K 0.99 0.84 0.91
1M 0.99 0.85 0.92

Table 7: Influence of training set size on candidate recall and final join quality.

Source Corpus Target Corpus Cand. Recall@1% Relative F1

WebTables-L Enterprise-A 0.96 0.94
WebTables-L PublicStats 0.95 0.92
Enterprise-A WebTables-L 0.92 0.90
PublicStats WebTables-L 0.93 0.91
Enterprise-A PublicStats 0.94 0.93

Table 8: Cross-corpus generalization of the learned similarity join model.

be the true result set. Candidate recall is recC = |C∩R|
|R| , while candidate precision is precC = |C∩R|

|C| ,
though candidate precision is less important because verification filters false positives. The principal
error is missed matches R \ C. We seek error-controlled candidate generation, meaning a procedure
that provides a user-facing knob δ such that

P
(
a, b ∈ R ∧ a, b ∉ C

)
≤ δ under a stated data model or calibration assumption. (2.2)

Since R itself is unknown at query time, the guarantee must be expressed in terms of observable
quantities, training-time calibration, and conservative bounds [9].

We distinguish two sources of approximation. First, the embedding model fθ may be imperfect rel-
ative to an external notion of match, but in this paper the join predicate is defined by sfθ·, fθ· ≥ τ ,
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Method Peak Memory (GB) Index Size (GB) Normalized Cost

LSH-Text 18.2 12.4 1.00
Inverted-Sig 12.9 8.7 0.81
Rule-Pruner 9.5 5.2 0.74
LearnedJoin 11.1 6.0 0.77
LearnedJoin+Calib. 11.8 6.3 0.79

Table 9: Memory footprint and index size for different candidate generation strategies.

so model misspecification is outside the join operator. Second, candidate generation approximates the
predicate by selecting only a subset of pairs for verification. Our focus is the second source: given the
predicate defined by θ, τ , how can candidate generation be made efficient with controlled omissions.

A general candidate generator can be written as a mapping gϕ that, given A and B (or their embed-
dings), returns a set of candidates. Operationally, for each a ∈ A, the generator retrieves a small list
of candidates from B based on an index and merges those lists [10]. This suggests representing gϕ as
an approximate nearest neighbor retrieval mechanism in embedding space. However, a similarity join
threshold is not necessarily a top-k query; it requires retrieving all b with similarity above τ , potentially
variable in count across a. To bridge this, we can use top-k retrieval with adaptive ka and then verify
threshold, or we can use radius search with approximate indexing. Both approaches need error control
under resource constraints.

We model candidate generation as a randomized algorithm with internal randomness ω (e.g., ran-
dom projections, hash functions, traversal randomness), yielding Cω [11]. For a fixed pair a, b, define
an inclusion indicator Iabω = I{a, b ∈ Cω}. The miss probability is 1 − EωIabω. Error control aims
to lower bound EIab for all pairs with sza, zb ≥ τ , or at least for most such pairs under a distribution
over query pairs. A worst-case uniform bound is typically too expensive because adversarial configura-
tions can defeat approximate retrieval. Consequently, practical guarantees are distributional and require
calibration: we estimate the relationship between similarity and inclusion probability on held-out data,
then choose parameters to make the estimated miss probability small, and add conservative margins to
account for finite-sample error.

Tabular corpora further motivate feature-aware embeddings. Let a row x comprise fields x1, . . . , xm

with types. A generic embedding may take the form [12]

fθx = Π
( m

j=1
αjxϕ

j
θx
j
)
, (2.3)

where ϕjθ embeds field j into Rd (possibly via token encoders, categorical embeddings, or numeric pro-
jections), αjx is a learned or heuristic weight that can depend on missingness, and Π is a normalization
or projection, such as Πu = u

∥u∥2
for cosine similarity. This structure implies that similarity decomposes

into interactions among field embeddings, and candidate generation may exploit coarse summaries of
field content as prefilters. We will use this to build layered candidate generators that first apply cheap
sketches and then perform ANN search on reduced candidate pools.

Because joins are often embedded in query plans, we also consider a multi-operator context [13].
Suppose a plan includes a similarity join followed by aggregation or downstream joins. The intermediate
output size is random due to candidate pruning, and execution cost depends on partitioning. A system-
level formulation therefore couples candidate generation parameters to cost models, often expressed
in terms of expected compute, network shuffle, and memory footprint. We will introduce constrained
optimization formulations that incorporate these costs [14].
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3. Learned Representations and Similarity Modeling for Candidate Generation
The embedding model is a central component because candidate generation quality depends on the
geometry of representation space. Even when the join predicate is defined in embedding space, the
candidate generator may use additional approximations such as quantization or hashing that are sensitive
to distance distributions. We therefore outline representation learning choices that facilitate efficient and
controllable candidate generation.

A common approach is contrastive learning or metric learning, where a training set provides positive
pairs xi, yi that should be similar and negative pairs that should be dissimilar [15]. Let zx = fθx and
zy = fθy. A margin-based loss may be written as

Lmetricθ = E
[
ℓszx, zy Ey−ℓ−szx, fθy

−]
, (3.1)

with ℓ encouraging high similarity for positives and ℓ− discouraging similarity for negatives. For cosine
similarity, one might use logistic losses ℓu = − log σβu − τ and ℓ−u = − log σβτ− − u for margins
τ > τ−, though the specific form is flexible.

To support candidate generation, it is helpful if the embedding distribution admits low-distortion
compression and stable neighborhood structure. Two techniques are particularly relevant: projection to
a lower-dimensional subspace and product quantization [16]. Let ZA ∈ R|A|×d and ZB ∈ R|B|×d be
matrices of embeddings. If embeddings lie near a low-rank subspace, we can compute a rank-r approx-
imation via SVD Z ≈ UrΣrV ⊤

r . For normalized vectors, a PCA projection P ∈ Rr×d can reduce
dimension while approximately preserving cosine similarity. If P has orthonormal rows, then for any
pair z1, z2 we have

⟨z1, z2⟩ = ⟨P⊤Pz1, z2⟩ ⟨I − P⊤Pz1, z2⟩, (3.2)

so the projection error is bounded by ∥I − P⊤Pz1∥2∥z2∥2. If ∥z2∥2 = 1 and residual energy ∥I −
P⊤Pz1∥2

2 ≤ ϵ, then the inner product error is at most
√
ϵ. This observation yields a deterministic safety

margin: if we compute approximate similarity ŝz1, z2 = ⟨Pz1, P z2⟩ and know residual bounds for both
vectors, then

sz1, z2 ≥ ŝz1, z2 −
√
ϵ1 −

√
ϵ2. (3.3)

Such bounds can be used to create conservative candidate filters: any pair with ŝ above τ √
ϵ1

√
ϵ2 must

be a true match, while pairs with ŝ below τ − √
ϵ1 − √

ϵ2 cannot be matches. The ambiguous region is
where candidate generation must be careful. In practice, residual bounds can be estimated per row using
reconstruction error from PCA.

Candidate generation can also leverage learned hashing [17]. Let hϕ : Rd → {0, 1}L map embed-
dings to L-bit codes. If Hamming distance correlates with embedding similarity, then bucket-based
blocking becomes possible. A classical approach uses random hyperplane hashing where bit k is
hkz = I{⟨rk, z⟩ ≥ 0} with random rk. For cosine similarity, collision probability depends on angle,
yielding theoretical LSH properties. Learned hashing replaces random rk with trainable parameters,
often improving empirical performance but weakening closed-form collision probabilities. To regain
error control, one can trainhϕ with a calibration constraint that enforces monotonicity between similarity
and collision probability. One differentiable relaxation uses a sigmoid gate: [18]

h̃kz = σ
(
γ⟨wk, z⟩

)
, (3.4)

and then uses straight-through estimators or Gumbel-sigmoid sampling to produce discrete bits. Can-
didate generation then retrieves items that match in at least t out of L bits or share a prefix. While the
discrete retrieval is non-differentiable, the training objective can approximate expected collisions under
the relaxed bits.
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A key technical requirement is backprop-friendly derivatives for objectives that involve similarity
distributions and candidate inclusion [19]. Suppose we define a soft inclusion probability for a pair i, j
as

pijθ, ϕ = σ
(
η
(
κh̃ϕzi, h̃ϕzj − κ0

))
, (3.5)

where κmeasures soft code agreement, such as κu, v = 1
L
L
k=11−|uk−vk|, and κ0 is a threshold. Then

the expected recall surrogate over positive pairs P is 1
|P| i,j∈P pij . The gradient with respect to θ flows

through zi = fθxi and the gates. For cosine-normalized embeddings, derivatives require handling the
normalization Πu = u∥u∥2. If z = Πu, then [20]

∂z

∂u
=

1
∥u∥2

(
I − zz⊤)

, (3.6)

which is stable if ∥u∥2 is bounded away from zero via small ℓ2 regularization or norm constraints in the
encoder.

Beyond hashing, candidate generation often uses ANN graphs such as navigable small-world graphs
or quantized inverted indexes. While these are typically treated as inference-time components, we can
incorporate their behavior into training by modeling retrieval score distributions. Let πϕb | a denote
the probability that the ANN search returns b as a candidate for query a given index parameters ϕ
(graph degree, beam width, quantization codebooks). Direct differentiation through the ANN algorithm
is impractical, but we can approximate πϕ using a parametric model fitted on validation queries, then
optimize ϕ via black-box or surrogate gradients, and finally validate error bounds with conservative cali-
bration. The learned similarity join thus becomes a two-level learning problem: representation learning
for geometry and candidate-generator tuning for recall control [21].

Tabular data often benefits from hybrid representations combining dense embeddings with sparse
signatures. For example, let tx be a token multiset extracted from text fields, and let ψx be a sparse
vector over a vocabulary. A combined similarity could be

sx, y = λ ⟨zx, zy⟩ 1 − λ Jaccardtx, ty, (3.7)

or a learned fusion [22]. Candidate generation can then apply a cheap sparse prefilter (e.g., MinHash
sketches for Jaccard) to restrict to pairs likely to match, before dense verification. This layering supports
error control because classical sketches provide explicit variance bounds, and the dense stage can be
tuned on the reduced set. The overall miss probability can be bounded by the union bound across stages,
provided each stage has calibrated miss probability conditional on upstream filtering.

4. Error-Controlled Candidate Generation via Calibration, Sketches, and Conservative Bounds
We now develop an error-control framework for candidate generation [23]. The central difficulty is
that approximate retrieval methods have performance that depends on data distribution, index construc-
tion, and query-specific geometry. Rather than claiming a universal guarantee, we define a calibrated
guarantee with explicit assumptions and incorporate uncertainty via conservative statistical bounds.

Let Sab = sza, zb be the true similarity score. Candidate generation induces a random variable
Iab ∈ {0, 1} for inclusion. We want PIab = 0 | Sab ≥ τ to be small. A practical strategy is to build a
score proxy Qab that is cheaper to compute than Sab and has known error properties, then use Qab to
either include candidates conservatively or to guide parameter selection.

One proxy is quantized distance [24]. Suppose zb is encoded as a product-quantized code with
codebooks Cm for sub-vectors. Let ẑb be the decoded approximation and define Ŝab = sza, ẑb. For
inner products, product quantization yields an additive decomposition, enabling fast lookup tables. The
approximation error Δab = Sab − Ŝab depends on quantization distortion. If we can bound Δab ≥ −ϵb
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uniformly over queries a for each b, then any pair with Ŝab ≥ τ ϵb is guaranteed to satisfy Sab ≥ τ . Sim-
ilarly, if we have an upper bound Δab ≤ ϵ′b, then Ŝab < τ − ϵ′b implies non-match. In high dimensions,
tight uniform bounds are hard, but empirical per-item distortion estimates can be used with a safety fac-
tor. For example, if eb = ∥zb − ẑb∥2 and both za and zb are unit-normalized, then for inner product
similarity

|Sab − ⟨za, ẑb⟩| = |⟨za, zb − ẑb⟩| ≤ ∥za∥2∥zb − ẑb∥2 = eb. (4.1)

Thus Sab ≥ Ŝab − eb. This yields a deterministic one-sided bound if we take Ŝab = ⟨za, ẑb⟩. Candidate
generation can then include all b for which Ŝab ≥ τ − eb to guarantee zero false negatives with respect
to the quantization stage, but this may be too many candidates. Instead, we may set a miss budget by
selecting only those b with Ŝab above a higher threshold and accept a small risk that some true matches
fall in the excluded region.

To express risk, we model the distribution of Ŝ conditional on S ≥ τ . Let FŜ|S≥τ be the conditional
CDF. Then for a chosen proxy threshold τ̂ , the miss probability due to proxy pruning is

δproxyτ̂ = PŜ < τ̂ | S ≥ τ = FŜ|S≥τ τ̂ . (4.2)

We can estimate F empirically using held-out labeled pairs where S is computed exactly. Because the
join predicate is defined by S ≥ τ , labels can be generated without external ground truth: we sample
pairs, compute S, and treat those with S ≥ τ as positives for calibration [25]. This decouples calibration
from semantic matching labels and focuses on operator correctness for the defined predicate.

Given n calibration positives with proxy scores ŝ1, . . . , ŝn, we estimate the α-quantile q̂α such that
1
n I{ŝi < q̂α} ≈ α. Setting τ̂ = q̂δ yields an empirical miss rate δ. To control uncertainty, we use
a conservative bound on the true quantile. A distribution-free approach uses the Dvoretzky–Kiefer–
Wolfowitz inequality: for the empirical CDF F̂ ,

P
(

sup
x

|F̂ x− Fx| > ε
)

≤ 2e−2nε2
. (4.3)

Thus with confidence 1 − β, we have supx |F̂ x− Fx| ≤ εn, β =
√

1
2n log 2

β . Then choosing τ̂ as the
empirical δ− ε-quantile ensures F τ̂ ≤ δ with probability at least 1 − β, provided δ > ε. This yields an
explicit calibration-based error control: the miss probability due to proxy thresholding is bounded by δ
up to confidence β.

Proxy pruning is only one component [26]. Candidate generation typically uses an index to avoid
scanning all b ∈ B. Suppose the index retrieval returns a set Nka of top-k approximate neighbors
under some scoreRab computed during search, such as quantized inner product or graph traversal score.
Verification computes Sab for b ∈ Nka and outputs those above τ . Misses occur if there exists b with
Sab ≥ τ but b ∉ Nka. To control this, we can treat k as a random variable chosen to make the probability
of missing any true match below a budget. LetMa = |{b : Sab ≥ τ}| be the number of true matches for
a. If we had exact ordering bySab, then choosing k ≥ Mawould guarantee no misses. With approximate
retrieval, we instead rely on a recall-at-k curve. Define [27]

ρk = P
(
∃b with Sab ≥ τ and b ∉ Nka | a ∼ DA

)
, (4.4)

where DA is the distribution of queries induced by rows inA. We can estimate ρk using sampled queries
and exact neighbors computed by brute force on a smaller subset or via exact indexes on a sample. The
calibrated guarantee then chooses the smallest k such that ρk ≤ δann with confidence. The overall miss
probability combines proxy pruning, ANN misses, and any upstream prefilters. If stages are condition-
ally independent given similarity, one can multiply complements; without independence, a conservative
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bound uses [28]

δtotal ≤ δproxy δann δprefilter. (4.5)

This additivity motivates allocating miss budgets across stages via optimization.
Sketch-based prefilters provide another lever. For token-based components, MinHash sketches esti-

mate Jaccard similarity. If J is the true Jaccard similarity and Ĵ is the estimate from k hash functions,
then Ĵ is an unbiased estimator with variance J1 − Jk. A one-sided Hoeffding bound yields [29]

PĴ ≤ J − ε ≤ exp−2kε2. (4.6)

Thus if we include candidates whenever Ĵ ≥ τJ−ε then any pair with J ≥ τJ is missed with probability
at most exp−2kε2. This bound is conservative but explicit. Similar bounds apply to random projection
sketches for cosine similarity. If we use k random hyperplanes and compute the fraction of agreeing
signs p̂, then the angle estimator concentrates around the true angle. While the exact distribution is
binomial, a Chernoff bound provides

P|p̂− p| ≥ ε ≤ 2 exp−2kε2, (4.7)

where p is the true collision probability [30]. Such sketch stages can be used as cheap filters before
expensive ANN search, with quantifiable miss probability.

A learned pipeline can incorporate these bounds into training through a Lagrangian that trades recall
against cost. Let cϕ denote expected candidate cost per query, including compute and memory, and let
δ̂ϕ denote an empirical estimate of miss probability with a conservative margin. We want to minimize
cost subject to δ̂ϕ ≤ δ0. The constrained problem is [31]

min
ϕ

cϕ subject to δ̂ϕ ≤ δ0. (4.8)

A Lagrangian relaxation yields

min
ϕ

cϕ λ max0, δ̂ϕ− δ0, (4.9)

where λ ≥ 0 is tuned to enforce the constraint. Because δ̂ϕ may be non-smooth (it depends on retrieval
outcomes), we can use a surrogate such as a differentiable estimate of inclusion probabilities on sampled
positives. For example, if pijϕ is a soft inclusion probability, then a surrogate miss rate is 1

|P| i,j∈P1−pij .
The gradient of cϕ can be estimated via differentiable proxies (e.g., expected bucket sizes predicted by
a model), while hard parameters are ultimately set via grid search constrained by calibration bounds.

Multi-objective optimization arises when we account for latency, memory, and energy [32]. LetLϕ be
expected latency, Mϕ memory footprint, and Eϕ energy cost, each possibly estimated by performance
models. One approach uses a weighted sum

min
ϕ

αLϕ βMϕ γEϕ subject to δ̂ϕ ≤ δ0, (4.10)

with weights reflecting deployment priorities. Another approach is to compute a Pareto frontier by search-
ing over weights and retaining nondominated configurations [33]. Because join workloads can vary, a
robust formulation considers worst-case or high-quantile costs over query distributions. For instance,
minimizing CVaRqLϕ can reduce tail latency under skew.

We also address limitations. Optimal blocking, defined as partitioning records into blocks to minimize
comparisons while covering all true matches, is computationally hard. A simplified decision version can
be sketched as follows: given a universe of records and a set of true match pairs, determine whether there
exists a partition into at most K blocks such that each true match pair lies within some block and the
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total number of within-block pairs is at most T [34]. This resembles graph partitioning with constraints
and can encode NP-hard problems by mapping vertices to records and required edges to true matches.
Consequently, learned heuristics and approximate methods are necessary, and error control must be
probabilistic rather than exact for large heterogeneous datasets.

5. Indexing, Data Structures, and Distributed Execution Mechanics
A similarity join at scale must integrate candidate generation with distributed storage, indexing, and
execution [35]. The primary costs are scanning embeddings, performing index lookups, shuffling candi-
dates for verification, and computing similarity for candidates. Candidate generation should minimize
network traffic and avoid hotspots caused by skewed buckets or popular records.

We consider a distributed environment with p workers. Table B is indexed and partitioned across
workers, while queries from A may be streamed or co-partitioned [36]. A common design is to build
a per-partition ANN index for B and route each query a to all partitions or a subset based on a coarse
routing function. Routing is crucial: broadcasting every query to all partitions yieldsOp|A| query fanout
and becomes network-bound. Thus we introduce a two-level index: a coarse quantizer assigns each zb to
one ofK centroids, and each centroid corresponds to an inverted list stored on specific workers. Queries
probe a small number nprobe of centroids, retrieving candidates from their lists. This is analogous to
inverted file indexes for vector search [37]. The routing function is then a nearest-centroid lookup, which
can be done with a compressed centroid table replicated across workers.

Let Q be the number of queries (rows in A). The expected candidate retrieval cost can be approxi-
mated by

Ecands per query ≈
c∈Cprobea

E|Lc| · πlistc | a, (5.1)

where Lc is the inverted list size for centroid c and πlist is the probability of scanning an item given prob-
ing. In practice, ANN indexes do not scan whole lists; they use product quantization to score codes
quickly and keep top results [38]. Nevertheless, list sizes influence cache behavior and tail latency.
Balancing lists is therefore a systems concern: centroids should be trained to reduce imbalance, and
extremely large lists may require splitting across workers or additional hashing.

Data structures must store embeddings or their compressed forms [39]. For dense vectors, storing
|B|d floats can be prohibitive. Compression via quantization reduces memory but introduces approxi-
mation error. A typical representation is to store a coarse centroid id plus m sub-quantizer codes, along
with optional residual norms for bounds. Verification may require accessing the original embedding or
recomputing it from raw row data [40]. Recomputing embeddings on the fly can be expensive, so sys-
tems often store either full embeddings for verification or a higher-precision compressed representation
sufficient for exact predicate evaluation. If the join predicate is defined by s on the full embedding, exact
verification requires access to zb. If zb is stored in compressed form, verification becomes approximate
unless we reconstruct with enough precision and account for error margins. To preserve correctness
relative to the defined predicate, one can store embeddings in half precision and compute similarity in
float32, with known rounding bounds, or store a residual correction [41].

Candidate generation and verification can be pipelined. For each query a, we compute za, route to
relevant partitions, retrieve candidate ids, then fetch candidate vectors for verification. Fetching vectors
can dominate cost due to random access. To mitigate this, we batch queries so that candidate ids can be
sorted, enabling sequential reads, and we cache popular vectors [42]. Another technique is to compute
verification using compressed codes with conservative bounds, fetching full vectors only for ambiguous
cases. For example, if we have a lower bound Sab ≥ Ŝab − eb and an upper bound Sab ≤ Ŝab eb, then
if Ŝab − eb ≥ τ we can accept without fetching the full vector, and if Ŝab eb < τ we can reject. Only
if τ ∈ Ŝab − eb, Ŝab eb do we fetch full precision. This creates a three-way decision that can reduce
random IO. The savings depend on how often candidates fall near the threshold [43].
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Distributed verification must also handle duplicates and aggregation. A candidate pair a, b may be
produced by multiple probed lists or hash tables. Deduplication can be done by sorting candidate ids
per query or using hash sets, but hash sets can be memory heavy. A systems-friendly method is to allow
duplicates through candidate generation and deduplicate after verification using a streaming group-by
on a, b, which can be implemented with external sort [44]. The trade-off is extra verification work. If
verification is expensive, earlier deduplication may be worthwhile, but then memory must be managed
carefully to avoid spills.

Skew is an important challenge. Some queries may have many near neighbors, causing large candidate
sets, while others have few [45]. Similarly, some buckets or centroids may be disproportionately large.
Tail latency then becomes dominated by worst-case partitions or queries. To address this, we can enforce
per-query candidate caps kmax and accept a controlled miss probability for high-degree queries. Error
control must then be conditional: we can guarantee low miss probability for queries whose true match
count is below a threshold, and provide a separate bound for the tail [46]. Alternatively, we can allocate a
larger budget to heavy queries by dynamically increasing probing or beam width based on early signals
such as the distribution of approximate scores. Let ŝ1 ≥ ŝ2 ≥ . . . be approximate scores for retrieved
candidates. If the score drops sharply below τ , we may stop early; if many candidates are near τ , we may
probe more lists. This adaptive strategy can be framed as sequential testing with error control: decide
when to stop probing so that the probability of missing a true match is below δ. A simple conservative
rule uses calibrated curves mapping observed top score and score gaps to required probing depth [47].

Query planning introduces additional complexity. If the similarity join is part of a multi-join plan,
the planner may reorder joins or push down filters. For similarity joins, reordering can change query dis-
tributions, affecting calibration. A planner-aware design can treat the join operator as parameterized by
ϕ and provide a cost and error model to the optimizer [48]. The optimizer then solves a trade-off: reduc-
ing intermediate sizes may require more aggressive candidate pruning, which increases error, which
may or may not be acceptable downstream. One can model plan selection as dynamic programming
over join order with augmented state that includes an error budget. Let state S represent a subset of rela-
tions joined so far, and let e be remaining error budget. The DP recurrence might minimize cost CS, e
by choosing the next join and allocating error budget to its candidate generator [49]. While continuous
budgets make DP large, discretizing e into bins yields an approximate algorithm. The resulting planner
is an approximation algorithm itself; error control becomes layered: the operator provides calibrated
bounds, and the planner composes them using conservative union bounds across operators.

Complexity analysis clarifies scaling [50]. Suppose each query probes nprobe lists and examines
k candidate codes per list, then verification checks v candidates. The dominant per-query time is
approximately

Tquery ≈ nprobe · Troute k · Tscore v · Tverify Tfetch, (5.2)

where Tfetch captures memory and network access. In a distributed setting, the total time is influenced by
parallelism and skew; ideally, throughput scales asOQp, but imbalance introduces an effective peff < p.
Candidate generation aims to reduce v and Tfetch by limiting candidates and enabling cache-friendly
access patterns. Memory scales with index size, oftenO|B| times code length, plus overhead for inverted
lists. Building the index is typically O|B|d for embedding computation plus O|B| log |B| for sorting
into lists and training quantizers.

6. Optimization, Training Objectives, and Error Analysis for Approximate Joins
We now connect learning and optimization to error control and performance engineering [51]. The key
idea is to tune embedding parameters θ and candidate-generator parameters ϕ to jointly improve the
geometry for retrieval while satisfying resource constraints.

A joint objective can be written as an expected verification loss plus a cost regularizer and an omission
penalty. Let D be a distribution over query rows a and candidate rows bwith positives defined bySab ≥ τ .
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Define a verification function va, b that returns I{Sab ≥ τ}, which is deterministic given θ. Candidate
generation induces inclusion probability pabθ, ϕ. The expected missed-match rate isEI{Sab ≥ τ}1−pab
under a sampling scheme over pairs. The expected verification workload is Epab times pair sampling
density, or more concretely expected candidates per query. A stylized joint optimization is

min
θ,ϕ

Lrepθ µ Cϕ λE
[
I{Sab ≥ τ}1 − pabθ, ϕ

]
, (6.1)

where Lrep is the representation learning loss, Cϕ is a cost model, and the final term penalizes omissions.
However, because Sab depends on θ, the indicator is not differentiable. In practice, one can fix θ to define
the join predicate and then optimize ϕ for candidate generation, or one can co-train with a smoothed
approximation, replacing I{Sab ≥ τ} with σβSab − τ .

Gradient descent variants are relevant because the joint landscape can be ill-conditioned [52]. The
embedding model may be trained with adaptive optimizers, while candidate-generator tuning may
require discrete parameter search. A pragmatic approach alternates: train θ for representation quality
and retrieval-friendly geometry, then calibrate and tune ϕ to meet error constraints, then optionally fine-
tune θ with a retrieval-aware regularizer that encourages stable neighborhoods. For example, one can
add a neighborhood-preservation loss that encourages margin separation around the join threshold. Let
b be a positive neighbor with Sab ≥ τ and b− a near-negative with Sab− < τ but close. Then a hinge
term [53]

ℓthresha = max
(
0, τ m− Sab Sab−

)
(6.2)

encourages a gap m around the threshold, reducing ambiguous cases and potentially improving
candidate generation recall for a fixed budget.

Error analysis for approximate queries often uses concentration and tail bounds. In our setting, the
final error arises from missed matches, which is a Bernoulli event per true match pair [54]. If we model
misses as independent given similarity (an approximation), then the number of missed matches over
all true matches is binomial with mean δ|R|. Even without independence, Markov’s inequality bounds
expected missed matches. A more useful quantity is per-query miss probability: for each a, defineEa as
the event that at least one true match is missed. Then overall fraction of affected queries is EI{Ea}. This
is often more relevant than pairwise recall because downstream tasks may require that each query find
at least one match [55]. Calibration can therefore focus on ρk defined earlier rather than pairwise recall.

Approximate indexing structures introduce additional randomness and approximation. Consider ran-
dom projection hashing withL bits and T tables. For a fixed pair with angle θ, the probability of collision
in a table depends on the number of matching bits [56]. If we use a banding scheme, then inclusion prob-
ability can be computed in terms of pθ, but learned embeddings may violate isotropy assumptions. Even
so, we can still use the functional form as a parametric family and fit an effective p curve empirically.
The key is not to trust theoretical curves blindly but to use them as structured priors in calibration.

Bayesian-ish modeling can help quantify uncertainty in calibration [57]. Suppose we estimate miss
probability as a function of an observable proxy u, such as approximate score or quantized distance. We
can model

PI = 0 | S ≥ τ, U = u = σgψu, (6.3)

where gψ is a small regression model. Given calibration data, we can place a prior on ψ and compute
a posterior, or approximate it with Laplace [58]. Then for each query, we can integrate uncertainty to
produce conservative miss estimates. In deployment, one may not want full Bayesian inference, but a
practical approximation is to use conformal prediction ideas: compute nonconformity scores for cali-
bration positives and choose thresholds that guarantee coverage. For example, if we use U as a score
and include candidates whenever U ≥ t, then selecting t as the ⌊n 1δ⌋-th order statistic yields a
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finite-sample guarantee on miss rate under exchangeability. This provides a simple calibration rule with
explicit finite-sample control, though it assumes calibration and deployment are exchangeable [59].

Constraint handling for latency and energy can be formalized. Let bϕ be candidate budget per query,
and suppose latency is approximately linear in budget for a fixed hardware and caching regime, Lϕ ≈
L0 bϕ · ℓ1, while energy similarly scales, Eϕ ≈ E0 bϕ · e1. If we require Lϕ ≤ Lmax and Eϕ ≤ Emax,
we can write

min
ϕ

δ̂ϕ subject to bϕ ≤ min
(Lmax − L0

ℓ1
,
Emax − E0

e1

)
. (6.4)

This reduces to choosing the best candidate generator under a budget. More refined models include non-
linearities due to cache misses and network saturation, but the constrained formulation remains useful
for reasoning and for integration into query optimizers [60].

We also consider the interaction with one-to-one matching constraints common in entity resolution.
After generating candidate pairs and verifying similarity, one may solve a maximum weight matching
problem on a bipartite graph with edge weights Sab. Candidate omission then affects the feasible set
of the matching problem and can have amplified impact: missing a single critical edge can change the
optimal assignment. Error control for downstream matching is therefore stricter than pairwise recall
[61]. A conservative approach is to allocate smaller miss budgets when one-to-one constraints are used,
or to include a diversity-aware candidate generation strategy that ensures multiple plausible edges per
node. This can be modeled as a submodular coverage objective over candidate edges, but optimizing
it exactly is expensive. A practical heuristic is to ensure each a retrieves at least k0 candidates above a
lower threshold τlow < τ , then verification applies τ . Calibration then targets the probability that at least
one true match is in the retrieved set, which aligns better with matching.

7. Evaluation Methodology, Workload Design, and Reproducibility Considerations
Evaluating learned similarity joins with error-controlled candidate generation requires careful methodol-
ogy because both accuracy and performance depend on data distribution, thresholds, and system settings
[62]. Additionally, calibration-based guarantees can fail under distribution shift, so evaluation must
include drift scenarios.

A baseline requirement is to define the join predicate precisely. Since the predicate is based on embed-
ding similarity, evaluation should treat the exact computation of Sab as ground truth for the operator,
even if the embedding is itself learned. For a given θ, τ , one can compute exact results on manageable
subsets or by using exact indexes for verification. The operator’s correctness is measured as the fraction
of true result pairs returned, and the miss probability per query [63]. Because exact computation on full
corpora may be infeasible, evaluation often uses sampled pairs and stratified sampling over similarity
ranges. For example, one can sample candidate pairs from ANN outputs and from random pairs, compute
exact Sab, and estimate recall with importance weighting to account for sampling bias. Without careful
sampling, recall estimates can be overly optimistic because ANN outputs over-represent high-similarity
pairs.

Calibration evaluation must separate calibration data from test data. The calibration procedure selects
thresholds or parameters to satisfy a target δ0 with confidence, using held-out positives defined by Sab ≥
τ . The test then measures realized miss rates [64]. A rigorous approach repeats this over multiple random
splits to estimate variability. Drift evaluation retrains embeddings or applies the operator to data from
a later time window, then checks whether calibration still holds. If it fails, one can quantify how often
recalibration is needed [65].

Performance evaluation should report throughput, tail latency, and resource consumption. Through-
put is measured as verified pairs per second or queries per second at a given cluster size. Tail latency is
important due to skew; reporting p95 and p99 per-query latency can reveal bucket hotspots. Resource
metrics include memory footprint of indexes, network bytes shuffled, and CPU utilization [66]. Energy
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can be estimated via hardware counters or proxy metrics if direct measurement is not available, but any
proxy should be stated transparently.

Workload design should include multiple join selectivities. When τ is high, result sets are small
and candidate generation can be aggressive; when τ is low, many pairs satisfy the predicate and the
join becomes inherently expensive. Error control behaves differently in these regimes [67]. For low
selectivity, missing a small fraction of pairs may still yield large absolute error, so evaluation should
include absolute missed matches, not only recall. Conversely, for high selectivity, per-query miss prob-
ability may be sensitive to a small number of borderline pairs, so evaluation should examine similarity
distributions near τ .

Reproducibility requires deterministic configuration and reporting. Learned systems involve ran-
domness in embedding training, hashing, index building, and ANN search [68]. To make results
reproducible, one should fix random seeds, record model checkpoints, and version datasets and prepro-
cessing pipelines. Index parameters, such as quantizer training epochs and graph construction settings,
must be logged. Hardware and software environments affect performance, so evaluations should report
CPU type, memory, storage, network, and relevant library versions [69]. Because similarity joins can
be IO-bound, storage configuration and caching policies can materially change results.

Finally, evaluation should connect operator-level guarantees to user-facing requirements. If a user
specifies δ0 as a maximum miss probability, the system should demonstrate that realized miss rates are
below δ0 across workloads and that the confidence level is respected. If the guarantee is conditional, for
example valid under exchangeability between calibration and test, then evaluation should show how vio-
lations of this assumption affect results [70]. A useful stress test is to shift the distribution of queries by
changing table composition, introducing new categories, or altering missingness patterns, then measure
calibration degradation.

8. Conclusion
Learned similarity joins over large tabular corpora require candidate generation mechanisms that are
both efficient and predictable. By defining the join predicate in embedding space, the operator’s correct-
ness becomes a matter of retrieving and verifying all pairs whose learned similarity exceeds a threshold,
but approximate retrieval and distributed execution introduce unavoidable trade-offs. This paper pre-
sented a framework for error-controlled candidate generation that combines learned representations
with calibrated approximations [71]. The approach leverages proxy scores, sketches, and quantization to
reduce compute, and it translates empirical inclusion behavior into conservative miss-probability bounds
using calibration and concentration results. We connected these bounds to constraint-aware optimization,
enabling the tuning of candidate generation parameters under latency, memory, and energy budgets, and
we discussed systems-level design choices for distributed indexing, routing, verification, and skew mit-
igation. We also highlighted computational hardness that motivates heuristic candidate generation and
emphasized evaluation practices that treat the exact embedding-based predicate as ground truth while
stress-testing calibration under drift. Overall, the design perspective is to treat candidate generation not
as an opaque heuristic but as an approximate query processing component with explicit, auditable error
controls that integrate with representation learning and query planning [72].
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